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where Jij and Kij are, respectively, the Coulomb and
exchange integrals between states i and j.

To calculate the addition energy ��N � 1; N�, one must
first construct a single-particle Schrödinger equation
model. In this step, one might need to account not only
for quantum confinement, but also for electronic structure
effects such as multiband (light-hole, heavy-hole, conduc-
tion) coupling; intervalley (�-X-L) coupling; spin-orbit
coupling; and the effect of strain and chemical intermixing.
It is then possible to compute all of the single-particle level
spacings and integrals entering Eq. (1), thus predict the
value of �HF�N � 1; N�. Alternatively, one can neglect
explicitly electronic structure effects other than quantum
confinement, and use instead a particle-in-a-parabolic-box





tained for the InAs dot with 20 nm base and 2.5 nm height,
with differences in the addition energies of less than 16%,
compared with almost 50% error in 2D-EMA model (de-
spite the fact that two of the addition energies were fitted in
the later case). The parameters �p1;p2 and �p2;d1 calculated
for different dots are given in Table II and, as shown in
Fig. 1(c) (right side), lie close to the center of the predicted
phases 1�, 2� and 1��. This indicates the stability of the
numerical results against possible variations of �p1;p2 and
�p2;d1 due to shape anisotropy or alloy effects.

The predicted charging pattern [Fig. 1(c) (left side)]
shows that the level filling by holes does not follow the
Aufbau principle nor the Hund’s rules: d levels get filled
before the second p level, despite the fact that the d level is
energetically more than 3 meV above the second p level
[26]. The nontrivial hole filling pattern is due to two
reasons. First, the large p-level splitting leads to the p2

level being energetically close to the d1 level; i.e., �p2;d1
is

small. In Table II, we list the hole single-particle energy
spacings and the first hole Coulomb integrals Jss for differ-
ent dots. We see that �p1;p2


 �0:3� 0:5�Jss and �p2;d1



�0:2� 0:3�Jss, which differ significantly from the assump-
tion of 2D-EMA models where �p1;p2 
 0, and �p2;d1 


Jss. Second, the Coulomb repulsion between the p1 and the
d level is lower than that between the two p levels, there-
fore the Coulomb energy can overcome the single-particle
energy spacing �p2;d1

, leading to the non-Aufbau charging
pattern.

An important feature of the present theory is not only its
compatibility with the zero field experimental results but
also with the magnetic field dependence obtained in
Ref. [15]. In our calculations, the hole single-particle level
p1 has mixed characters of Lz � �1 and Lz � �1. This
state which is Kramers degenerate at B � 0 will therefore
split in opposite direction in the magnetic field. This agrees
with the observation of the hole charging experiment [15].
This is also true for p2, which has both Lz � �1 and Lz �
�1 characters and d1, d2, which have Lz � �2 and Lz �
�2 characters.

In conclusion, we developed a general phase-diagram
approach that classifies the many-particle configurations
for electrons and holes in quantum dots in terms of simple
electronic and geometric parameters. From these diagrams,
we predict that the hole charging sequence presents sur-


